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Abstract. We present a rigorous quantization scheme that yields a quantum field theory in 
general boundary form starting from a linear field theory. Following a geometric quantization 
approach in the Kahler case, state spaces arise as spaces of holomorphic functions on linear 
spaces of classical solutions in neighborhoods of hypersurfaces. Amplitudes arise as integrals 
of such functions over spaces of classical solutions in regions of spacetime. We prove the 
validity of the TQFT-type axioms of the general boundary formulation under reasonable 
assumptions. We also develop the notions of vacuum and coherent states in this framework. 
As a first application we quantize evanescent waves in Klein-Gordon theory. 
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1 Introduction 

The general boundary formulation (GBF) is an axiomatic approach to quantum theory and to 
quantum field theory in particular [16, 19]. Rs mathematical structure consists of an axiomatic 
system in the spirit of topological quantum field theory (TQFT) [1] and shows similarities 
with Segal's approach to quantum field theory [28]. Rs physical interpretation is based on 
a probability rule that generalizes the Born rule [19, 21]. Key features of the GBF are that 
it provides a strictly local description of physics and accommodates theories without metric 
background naturally. The latter feature is in marked contrast to older and more established 
axiomatic approaches to quantum field theory such as those based on the Wightman axioms [29], 
the Osterwalder-Schrader axioms [26, 27] or the Haag-Kastler axioms [14]. The GBF was 
conceived particularly as a possible framework to accommodate a quantum theory of gravity 
[11, 16, 19, 22, 24]. 

Quantum field theories in a GBF form have been described so far principally by using Feyn- 
man path integral quantization combined with the Schrodinger representation [5, 6, 7, 8, 9, 10, 
11, 12, 13, 16, 20, 23, 25]. Compared to "infinitesimal" approaches that are based on expo- 
nentiating a generator of time evolution, such as canonical quantization, the path integral has 
the advantage of naturally generalizing at least formally to general spacetime regions which are 
neither naturally nor uniquely described by some kind of "evolution". But the Schrodinger- 
Feynman approach has also disadvantages. In particular, it is not in general clear how the 
Schrodinger representation should be defined, the boundary value problems that occur are in 
general not well-posed and the Feynman path integral is frequently ill defined. These problems 
can be solved or mitigated for particular theories and contexts (as shown for example by the 
mentioned works), but a quantization scheme that avoids these problems is clearly desirable. 
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The present article is concerned with a quantization scheme that starts with a linear field 
theory and yields a quantum field theory satisfying the axioms of the GBF. The classical theo- 
ry is provided in the form of spaces of solutions of the field equations near hypersurfaces and 
in regions of spacetime. These spaces of solutions are real vector spaces, but carry additional 
structure in the case of hypersurfaces, making them into complex Hilbert spaces. The addi- 
tional structure is a symplectic structure that can naturally be obtained from a Lagrangian 
formulation of the classical theory as well as a compatible complex structure. The quantization 
for each hypersurface proceeds then as a geometric quantization in the Kahler case, that is, as 
a holomorphic quantization. The Hilbert spaces so obtained are Fock spaces, realized as spaces 
of holomorphic functions. The quantization for each spacetime region consists in the assignment 
to each holomorphic function on the boundary, of its integral over the space of classical solutions 
in the region's interior. This yields the amplitude maps. 

In order to be able to properly formulate the quantization scheme it is necessary to use the 
theory of Gaussian integration in infinite-dimensional vector spaces. While this is not in itself 
a new subject, we have not found in the literature a treatment suitable to our needs. We thus 
develop the relevant theory here ourselves. In particular, it is important that the we deal with 
a proper positive measure and that the arising Fock spaces are concretely realized as spaces of 
holomorphic functions in the spirit of Bargmann's approach [2, 3]. This also facilitates a proper 
treatment of coherent states. 

As a first application we quantize Klein-Gordon theory for three different choices of admis- 
sible hypersurfaces in Minkowski space. The first choice is the "standard choice" of equal-time 
hypersurfaces, provided for comparison. The other two choices involve families of timelike hy- 
persurfaces that previously were treated in the GBF via Schrodinger-Feynman quantization 
[8, 9, 20, 23]. In contrast to those treatments, however, we provide a complete quantization of 
the relevant spaces of classical solutions. That is, the quantization not only includes propagating 
waves, but also evanescent waves, i.e., waves that behave exponentially in space. 

We start in Section 2 by providing a suitable version of the axiomatic framework of the GBF, 
with a description of the geometric data, the core axioms and the vacuum axioms. In Section 3 
we review ingredients for the quantization, including aspects of Lagrangian field theory, geomet- 
ric quantization as well as mathematical foundations of Gaussian integration and holomorphic 
functions in infinite-dimensional vector spaces, as used subsequently. Section 4 provides the 
core of the paper, laying out in detail the quantization scheme, the role of coherent states and 
some aspects of the physical interpretation. Section 5 presents the application to Klein-Gordon 
theory for three different types of geometric setting, incorporating a quantization of evanescent 
waves in the case of timelike hypersurfaces. Finally, we provide some conclusions and an outlook 
in Section 6. 

Note added. Most of Section 2.1 as well as part of Section 2.2 were published in essentially 
identical form in [17] as Section 3.1 and 3.3 respectively. However, before this publication by 
a journal, this content was already publicly available in the preprint version of the present paper. 
This is clearly referenced in the abovementioned paper. Moreover, this content is nothing but 
a slightly adapted version of material published earlier in the paper [19] by the author as the 
initial part of Section 2. 

2 Axioms 

2.1 Geometric data 

In the tradition of TQFT we may think of the core axioms of the GBF as describing an as- 
sociation of "algebraic" data to "geometric" data as well as properties that this association 
satisfies. In the present case on the "algebraic" side we are mainly dealing with Hilbert spaces 
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and maps between Hilbert spaces. (The description "functional analytic" data instead of "alge- 
braic" data might be more appropriate.) On the "geometric" side we are dealing with certain 
topological manifolds, possibly with additional structure. In the following we will make use 
only of purely topological structure (and could even further abstract from that if desired). 
Nevertheless, we will continue to use the word "geometric" with the understanding that one 
should in general expect the topological manifolds to come equipped with additional struc- 
ture. 

Concretely, our geometric setting is the following: There is a fixed positive integer d £ N. We 
are given a collection of oriented topological manifolds of dimension d, possibly with boundary, 
that we call regions. Furthermore, there is a collection of oriented topological manifolds without 
boundary of dimension d — 1 that we call hyper surf aces. All manifolds may only have finitely 
many connected components. When we want to emphasize explicitly that a given manifold is 
in one of those collections we also use the attribute admissible. These collections satisfy the 
following requirements: 

• Any connected component of a region or hypersurface is admissible. 

• Any finite disjoint union of regions or of hypersurfaces is admissible. 

• Any boundary of a region is an admissible hypersurface. 

• If £ is a hypersurface, then £, denoting the same manifold with opposite orientation, is 
admissible. 

It will turn out to be convenient to also introduce empty regions. An empty region is topologically 
simply a hypersurface, but thought of as an infinitesimally thin region. Concretely, the empty 
region associated with a hypersurface £ will be denoted by £ and its boundary is defined to be 
the disjoint union <9£ = EUE. There is one empty region for each hypersurface (forgetting its 
orientation). When an explicit distinction is desirable we refer to the previously defined regions 
as regular regions. 

There is also a notion of gluing of regions. Suppose we are given a region M with its boundary 
a disjoint union dM = SiUSU £', where £' is a copy of £. (£1 may be empty.) Then, we 
may obtain a new manifold Mi by gluing M to itself along £, £'. That is, we identify the 
points of £ with corresponding points of £' to obtain M\. The resulting manifold M\ might 
be inadmissible, in which case the gluing is not allowed. The gluing is unique in the sense 
that if there are different ways to make this identification the resulting manifolds M\ must be 
indistinguishable in our setting. 

As already mentioned, the manifolds carry additional structure in general. This has to be 
taken into account in the gluing and will modify the procedure as well as its possibility in the 
first place. Our description above is merely meant as a minimal one. Moreover, there might be 
important information present in different ways of identifying the boundary hypersurfaces that 
are glued. Such a case can be incorporated into our present setting by encoding this information 
explicitly through suitable additional structure on the manifolds. 

2.2 Core axioms 

The core axioms listed in the following are a refinement of the axioms introduced in [19] and [25]. 
In fact, the formulation here is closer to that in [25], but without corners. For easier compari- 
son, we preserve to a large extend the naming conventions used in those works. Here, as in 
the following, <g) denotes the tensor product of vector spaces, while (g> denotes the completed 
tensor product of Hilbert spaces. We add some more specific comments after the listing of the 
axioms. 
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(Tl) Associated to each hypersurface £ is a complex separable Hilbert space 7i%, called the 
state space of £. We denote its inner product by (•, -)s- 

(Tib) Associated to each hypersurface £ is a conjugate linear isometry ly ■ T~Ly W^. This 
map is an involution in the sense that o ly is the identity on %y- 

(T2) Suppose the hypersurface £ decomposes into a disjoint union of hypersurfaces £ = £1 U • • ■ 
• • • U £ n . Then, there is an isometric isomorphism of Hilbert spaces ty 1 ,...,t,„\T: '■ Ht,x® • • • 
■ ■ ■ — > He- The composition of the maps r associated with two consecutive decom- 
positions is identical to the map t associated to the resulting decomposition. 

(T2b) The involution i is compatible with the above decomposition. That is s n -s° (^Ei® • • • 
•••8ts„) = tsor El ,... iE „ ;S . 

(T4) Associated with each region M is a linear map from a dense subspace Hg M of the state 
space %dM °f its boundary dM (which carries the induced orientation) to the complex 
numbers, pu '■ Wqm ~^ ^ This is called the amplitude map. 

(T3x) Let S be a hypersurface. The boundary dT, of the associated empty region £ decom- 
poses into the disjoint union <9£ = SUE', where E' denotes a second copy of £. Then, 
r ES'-ai;(%® Q Hq^- Moreover, o T^^i-gt. restricts to a bilinear pairing (•, -)y : 
■H^x U-si ->• C such that ( V ) E = (t E (-)»0s • 

(T5a) Let Mi and M2 be regions and M := Mi U M2 be their disjoint union 1 . Then dM = 
dM\ U <9M 2 is also a disjoint union and t q m x ,om 2 ;<9 M {UdMi ® ^9M 2 ) — ^9M- Moreover, 
for all G Hg Ml and V>2 G 

W T dMl ,dM 2 ;dM(lpl ® ^2) = PMi (lpl)PM 2 (^2) ■ 

(T5b) Let M be a region with its boundary decomposing as a disjoint union dM = Si U S U £', 
where E' is a copy of E. Let Mi denote the gluing of M with itself along £,£' and 
suppose that Mi is a region. Note dM\ = Ei. Then, r s ytj-sm^ ® £ ® ^(O) G HgM 
for all V> € 7-L°qm and £ G Moreover, for any ON-basis {£i}«e/ of we have for all 
V>G?^ Ml 

PMiW • c(M; E, E 7 ) = pa/ o T Si)EiS7;9M (V §6® (2.1) 

where c(M; E, E') G C \ {0} is called the gluing anomaly factor and depends only on the 
geometric data. 

We proceed to make some more detailed comments on the axioms. A small technical 
refinement compared to [19, 25] is that the amplitude map in axiom (T4) is only required 
to be defined on a dense subspace. This is sensible, since the amplitude map is generically not 
continuous. The definition only on a dense subspace was to some extend implicit previously, 
but is now made completely explicit. This also affects some of the other axioms. 

A more important change as compared to [19, 25] is the splitting of what previously was the 
axiom (T5), formulating the gluing of two disjoint regions, into two parts, (T5a) and (T5b). 
This serves several purposes. Firstly, we may not only glue two disjoint regions together, but 
we may also perform gluings of different parts of the boundary of a connected region. Indeed, 
this was already actually used in [25]. On the other hand, any gluing of disjoint unions can 
of course be described by first joining the regions into a single (non-connected) region and 

1 In the setting of a global background (compare terminology of [19]), that is if all regions and hypersurfaces 
are submanifolds of a given manifold of dimension d, we may need to allow here unions that are disjoint only up 
to boundaries. However, in such a case we shall still think of the regions as "disjoint". 
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then performing gluings on this region only. So there is no loss of generality involved in the 
change. 

The most important change as compared to [19, 25] is that we slightly weaken the gluing 
axiom. Namely, we introduce a scalar factor c(M; S, £') into the gluing equation (2.1). We call 
this the gluing anomaly factor. It is a variant of what Turaev calls an anomaly cocycle [31], 
where the group in question is here the multiplicative group of complex numbers without 0. 
This yields another reason for the splitting of the gluing axiom into (T5a) and (T5b): The 
axiom (T5a) does not involve such a factor. 

The reasons for introducing the gluing anomaly factor are also several. The first and most 
obvious one is that in the quantization scheme we are going to present, axiom (T5b) would 
simply not be valid without this factor. Of course, this could be fixed be introducing additional 
assumptions, but their general significance is not transparent at present. Another reason comes 
from the vacuum axioms (to be discussed in more detail below). Taken strictly, these would 
demand that the amplitude of a region without boundary is equal to l. 2 On the other hand, 
in simple examples of TQFTs with finite-dimensional vector spaces the amplitude for a torus 
is equal to the dimension of the vector space associated with a single boundary component of 
a cylinder. This can be accommodated by "moving" this quantity into the anomaly factor. So 
we can make such examples of TQFTs compatible with both the core axioms and the vacuum 
axioms by utilizing the gluing anomaly factor. As a further remark note that this suggests 
that we formulate an explicit axiom that demands that the amplitude for a region without 
boundary be 1. However, since we do not want to even assume the existence of admissible 
regions without boundary, we do not do this. Moreover, as already mentioned, the vacuum 
axioms (when enforced) take care of this. 

Finally, we mention that we have dropped the unitarity axiom (T4b) as it does not seem to 
be satisfied in the present quantization scheme. This does not mean, however, that we do not 
obtain unitary evolution when it is to be expected, see in particular Sections 4.5 and 5. On 
the other hand, the precise physical significance of axiom (T4b) as formulated in [19, 25] is not 
transparent at present. 

2.3 Vacuum axioms 

We list in the following the vacuum axioms, originally proposed in [19]. The present version 
(including the numbering) is identical to that in [25], except for the fact that we are in a setting 
without corners. 

(VI) For each hypersurface £ there is a distinguished state ^s,o £ called the vacuum state. 
(V2) The vacuum state is compatible with the involution. That is, for any hypersurface S, 

^E,0 = ^(V'S.o)- 

(V3) The vacuum state is compatible with decompositions. Suppose the hypersurface £ decom- 
poses into components £i U • • • U £„. Then ^s,o = T£i,...,e„;s('0E:l,o ® " " * ® i>Y, n ,o)- 
(V5) The amplitude of the vacuum state is unity. That is, for any region M, PM(4>dM,o) = 1- 

As remarked in [19, 25] we can immediately verify that these axioms satisfy key properties 
that are more conventionally associated with a vacuum. Firstly, a vacuum state is normalized. 
This follows from combining axioms (V2), (V3), (V5) and (T3x). Secondly, the vacuum is stable 
under evolution. 

2 The boundary Hilbert space in this case is C and the vacuum state there must correspond to the element 
1 6 C. Note also that axiom (T5a) combined with the fact that disjoint unions of regions are admissible means 
that we cannot make an "exception" for regions without boundary. 
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Proposition 2.1. Let M be a region such that its boundary decomposes into a disjoint union 
dM = SUE'. Assume moreover that there is a unitary operator U : Us —> T~Lt,' such that 

Then, C/^s,o = ips'fi- 

Proof. Since ipT:,o is normalized, so is Uipx,o- But its inner product with the also normalized 
state V'S'.o is 1. So it must be identical to ips'fl. ■ 

Conversely, suppose that for each pair (£,£') of connected admissible hypersurfaces (with 
suitable orientations) there is a region M such that dM = SUE'. Moreover, assume that the 
amplitude for such a region takes the form of unitary evolution as in Proposition 2.1. Then, 
given an association of a normalized state to each hypersurface such that these states are related 
by evolution, these states will satisfy the vacuum axioms stated above. In fact, in this special 
case the choice of a vacuum in the sense of these axioms is equivalent to the choice of one 
normalized state on one hypersurface. 

3 Ingredients 

In the following we describe certain motivational and mathematical ingredients of the quantiza- 
tion scheme to be considered subsequently. 

3.1 Motivation from classical field theory 

In this section we consider certain aspects of Lagrangian field theory. While the facts we present 
are well known (see e.g. [33]), we recall them here from a particular perspective that provides 
a key motivation for the further development in the subsequent parts of this paper. 

Consider the following simple setting of a classical field theory. We suppose that the theory 
is defined on a smooth spacetime manifold T of dimension d and determined by a first-order 
Lagrangian density A(<p, dip, x) with values in d-forms on T. Here x E T denotes a point in 
spacetime, ip a field configuration at a point and dip the spacetime derivative at a point of 
a field configuration. We shall assume that the configurations are sections of a trivial vector 
bundle over T. We shall also assume in the following that all fields decay sufficiently rapidly at 
infinity where required (i.e., where regions or hypersurfaces are non-compact). 

Given a spacetime region M and a field configuration in M its action is given by 



Denote the space of field configurations in M by Km- The exterior derivative of the action yields 
a one- form d5" on Km- Let X G Km but think of it as an element of the tangent space T^Km- 
The usual variational calculation (replace <j> by <j> + tX and keep only the first order in t) yields 



Equating the term in the brackets to zero yields the Euler-Lagrange equations (in their version 
as d-forms). Supposing that X vanishes on the boundary dM, dS^X) = if and only if <p 
satisfies these equations. This is the usual variational principle. 

We can also view dS as a 1-form on the space Lm of solutions of the Euler-Lagrange equations 
in M, in which case the bulk term in (3.1) vanishes. For this interpretation we also have to 





(3.1) 
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choose X to be a solution of the linearized Euler-Lagrange equations around 4>, i.e., X G T^Lm- 
Since we are dealing with a pure boundary term this motivates the definition of the 1-form 



O^X) := j X a 



5A 



This can be defined for an arbitrary hypersurface £. Moreover, it is naturally defined on the 
space of solutions of the Euler-Lagrange equations in a neighborhood of £, which we will denote 
by Ls- This 1-form is usually called the symplectic potential. 

Taking the exterior derivative of the symplectic potential (viewed as a 1-form on Ls) yields 
the usual symplectic form on : 



U4 ,(X, Y) = dO^X, Y)=^- I I (X b Y a - Y b X a ) 8^ ' 



+ (Y a d u x b - x a d v Y b ) d^j 



5 2 A 



(3.2) 



We shall assume that oj^ is non-degenerate. Note that co changes its sign if the orientation of £ 
is reversed. 

Consider again a region M with boundary dM. We have a map tm ■ Lm — > Lqm by simply 
forgetting how the solutions look like in the interior of M. For any <f> G Lm this induces a map 
(r M )(j, : T^Lm — > T Tm ^Lqm- It is then clear that for any X, Y G T^Lm we have 

u rMW ((r M UX),(r M UY)) = ddSt(X,Y) = 0. 

That is, {r* M ) ^{T^L m) is an isotropic subspace of T Tm ^Lqm- 

The above is most often used in the context where T carries a Lorentzian metric and the 
Euler-Lagrange equations are hyperbolic partial differential equations. The regions M of interest 
are then the ones bounded by pairs (Si, S2) of spacelike Cauchy hypersurfaces. Note that we 
can naturally identify the solution spaces Lt = Lm = ^Si = L^ 2 by the Cauchy property. The 
symplectic form associated with dM is then the sum of two components, ujqm = we 1 — u;s 2 , 
corresponding to the connected components of dM. Here we have taken the same orientation 
for Si and £2, thus the minus sign coming from orientation reversal of £2 with respect to the 
induced orientation as a boundary of M. One is then interested in global solutions, for which in 
particular ujqm = holds, i.e., = <^s 2 - Thus, one obtains a symplectic form independent of 
the choice of Cauchy hypersurface. This serves then as a good definition of a symplectic form 
on the space of global solutions on T. 

However, we do not want to specialize to this situation here, but rather insist in thinking of the 
symplectic form as defined on the space of local solutions in a neighborhood of a hypersurface. 
Moreover, we want to use the abovementioned example of pairs of Cauchy hypersurfaces to 
motivate that the subspace (r* M ) ^(T^L m) ^ T Tm ^Lqm is in favorable cases not merely isotropic, 
but even Lagrangian. Suppose the spaces of solutions in question were finite-dimensional. Then 
we would have in the above example dim T^Lqm = dim T^L^ + dimX^Ls 2 = 2dimT^LM- 
Thus, since T^Lm is isotropic and has half the dimension of T^Lqm, it must be Lagrangian. 

Above we have loosely talked about Ls as the space of solutions of the Euler-Lagrange 
equations in a neighborhood of the hypersurface £. A better definition would be to say that Ls 
is the space of germs of solutions near £. That is, we take the space of solutions in neighborhoods 
with two solutions being equivalent if they coincide in some sub- neighborhood of £. It is clear 
that for this to make sense one would usually require the hypersurfaces £ to carry some additional 
structure besides being submanifolds of codimension one. 
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3.2 Elements of geometric quantization 

Continuing the discussion of the previous section we shall consider initial steps in a geometric 
quantization of the spaces Ly of local solutions on hypersurfaces S. More specifically we shall 
only consider the case of a holomorphic or Kahler quantization. Furthermore, we shall restrict 
ourselves to the particularly simple case where the spaces Ly are rea l vector spaces and can 
be naturally identified with all their tangent spaces. For much more details about geometric 
quantization, see [33]. 

We suppose that for a given hypersurface £ we are given a real vector space Ly of classical 
solutions near S. This comes equipped with a non-degenerate symplectic form wj. The ad- 
ditional datum we need is a complex structure Jy '■ Ly —> Ly compatible with the symplectic 
structure. That is, Jy is a linear map satisfying jf. = —ids and W£(Je(-)> Je(-)) = ')• We 
then define the symmetric bilinear form ■ Ly x Ly — > M by 

gx(<l>,V) '■= 2^s(0, Jsv) V>,7/eL s . (3.3) 

We shall assume that this form is positive definite. The question of how Jy or equivalently qy 
is obtained in practice is much less straightforward than that of the symplectic form loy- See 
for example [32] for a discussion of this point in the context of field theory in curved spacetime. 

The next step is to complete Ly to a real Hilbert space with the inner product gY- (We will 
continue to write Ly for this completion.) It is then true that the sesquilinear form 

{<P,ri}z := Sfc(<l>,v) + 2iwE(<£,T?) V>,7/eL s (3.4) 

makes Ly into a complex Hilbert space, where multiplication with i is given by applying Jy- 

The state space 7~Ly associated with S is now constructed as follows: States are holomorphic 
functions on Ly and form a Hilbert space with the inner product 

(^>s:=jf V(<A)W)exp(-^ E (0,0))d/i(0). (3.5) 

Here [i is a "translation-invariant measure" on Ly- The exponential factor is what really comes 
from the more detailed theory of geometric quantization on which we shall not elaborate here. 
In fact, this formula works in the case were Ly is finite-dimensional. In the infinite-dimensional 
case a measure /i of this kind does not exist. However, there is no difficulty in making the 
infinite-dimensional case work properly as we shall see below. The space %y obtained in this 
way is nothing but the usual Fock space based on Ly as the space of "one-particle states" , but 
viewed as a space of holomorphic functions. 

3.3 Gaussian integration 

In the following we shall consider the Fock space T~L generated by a separable Hilbert space L (or 
rather its dual V). In particular, we shall be interested in viewing % as a space of holomorphic 
functions following Bargmann [2, 3]. To this end we construct a suitable measure on an extension 
of L, via a projective limit based on measures on finite-dimensional vector spaces. We start with 
some general considerations on projective limits of measure spaces, specializing step by step to 
our case of interest. In particular, this will allow us to make rigorous heuristic expressions such 
as (3.5). 

Let {L a } a £A be a projective system of measure spaces with surjective projections denoted 
by l a; : L a -» Lp. That is, each L a comes equipped with a cr-algebra M. a and a measure u a . 
Moreover, the projections l a% p are measure inducing, i.e., if X E M.p is measurable, then l~ l ^(X) 
is measurable and up{X) = v a (l~\(X)). What we would like to consider now is the projective 
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limit (L,A4, v) in the category of measure spaces. However, in general it seems unclear whether 
this limit exists and how to construct it. Consider thus the limit merely in the category of sets 
with algebras of subsets and finitely additive measures. The projective limit exist and consists 
of the triple (L,J\f, v) with the following properties: L is the projective limit L = l^m L, in the 
category of sets. M is the set of subsets of L that arise as preimages of measurable sets under 
the induced projections l a : L — >• L a . This is easily seen to be an algebra. It is then also clear 
that v is well defined and unique on M and is finitely additive. If v is in fact cr-additive on A/*, 
then we can use Hahn's theorem (see e.g. [15]) to extend v to the cr-algebra M. generated by M. 
Then (L, Ai,u) would be our desired projective limit. We shall assume this for now, but will 
see explicitly below that this is satisfied for the spaces and measures of particular interest to 
us. We let the cr-algebras A4 a on L a be completed with respect to the measures v a and denote 
by A4* the completion of Ai with respect to the measure v. 

Dually, denote by Ai(L a ) the vector space of complex valued functions on L a that are .Ma- 
measurable. Then, the projections l a> p induce injections 7ng )Q : Ai{Lp) M.{L a ). Denoting 
measurable functions on (L, M) by Ai(L) we have the injections m a : Ai(L a ) ^ Ai(L) induced 
by the projections l a . We can think of these injections as inclusions and write for the injective 
limit lim.M(-L,) C A4(L). Similarly, for 1 < p < oo we consider the function spaces C p (L a ,u a ) 
forming an injective system. Then, for the injective limit we have lim£ p (.L,, v 9 ) C C P (L, v). 

Proposition 3.1. For 1 < p < oo the subspace lim£ p (L», v%) is dense in C P (L, v). 

Proof. We know that the integrable simple functions are dense in C p (L,u). Furthermore, an 
integrable simple functions is a finite linear combination of characteristic functions for sets 
of finite measure. It is thus sufficient to show that a characteristic function for a set of finite 
measure U G A4* can be arbitrarily approximated by elements of lirn £ p (L > , v 9 ). Let e > 0. Using 
Hahn's Theorem we know that there is an element V G M such that v{(U U V) \ (U fl V)) < e. 
But then, \V 6 hrn£ p (L., f.) and \\xu ~ Xv\\p < • 

We proceed to specialize to the case where the spaces L a are finite-dimensional real or 
complex vector spaces equipped with their standard topology. (We use in the following the 
notation 1C to denote a field that may either be R or C.) More specifically, we start with a real 
or complex vector space V and let {VajcgA be the set of finite-dimensional subspaces of V. 
This set forms an injective system with injections vp ta : Vp V a and v a : V a V given by 
inclusions. We then define L a to be the dual vector space of V a yielding a projective system 
as already described. It is easy to see that L is the algebraic dual of V. Equip the spaces L a 
with the standard topology of finite-dimensional vector spaces. Then, L can be seen as the 
projective limit in the category of topological spaces and as such carries the initial topology. 
Equivalently, this is the weak* topology or topology of pointwise convergence as a space of linear 
functions on V. In particular, L is in this way a complete locally convex Hausdorff topological 
vector space. Moreover, we assume compatible measures v a on the spaces L a as described above 
which are inner regular Borel measures and let the associated <7-algebras M a be completed with 
respect to the measures. In this setting v is cr-additive on M as is shown in the following using 
a result of Bochner, so that (L,A4, v) is a measure space. 

Definition 3.2. A projective system {^g}/3eB with projections pp^i satisfies the sequential 
maximality condition iff for every sequence {f3k}keN with [3k+i > Pk and every sequence {yk}keN 
with y k £ Y/3 k such that y k = Pp k+1 ,p k (yk+i), there is an element y G Y such that y k = pp k (y). 

Lemma 3.3. The system {L a } ae ^ satisfies the sequential maximality condition. 

Proof. Let {a k }keN with a k +i > a k and let {xfc}fc e N with x k G L ak be such that x k = 
la k+1 ,a k {%k+i)- Consider the dual sequence {V ak } k& m and set W := UfceN^fc- ^ ne sequence 
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{xfcjfcgN defines a linear map x : W — > 1C as follows. Let a £ W. Then, there exists a smallest 
n G N such that a £ V an . Set x(a) := (x n , a) an and note that x(a) = (xk, a) ak for all k > n. It 
is easy to see that this prescription does indeed define a linear map W — > K. Equipping V for 
example with the weak* topology with respect to L, we can apply the Hahn-Banach theorem 
to extend x to a linear map V — > K. Thus, x £ L and l ak {x) = Xk, as required. ■ 

Theorem 3.4 (Bochner [4, Theorem 5.1.1]). Let {L a } a£ A be a projective system of Hausdorff 
spaces with inner regular Borel measures. Assume furthermore, that the system satisfies the 
sequential maximality condition. Then, the induced function v : M — > [0, oo] is a-additive. 

Adding another layer of structure we suppose that V is a real or complex separable Hilbert 
space. Any subspace V a inherits this structure and the injections vp >a : Vp V a as well as 
v a : V a V become linear isometries. Moreover, by duality the spaces L a also become Hilbert 
spaces in this way and the projections l a ^ : L a -» Lp become partial linear isometries. Let L be 
the topological dual of V and thus also a Hilbert space. It is then clear that there is a natural 
inclusion i : L > L which is continuous. 

We use the inner products on the spaces L a to define Gaussian measures v a . In the case that 
the vector spaces are complex we forget their complex structure for the moment and regard them 
as real vector spaces. Note that a complex Hilbert space is canonically a real Hilbert space by 
taking the real part of the inner product. We first recall some elementary facts about Gaussian 
measures on finite-dimensional vector spaces. Let Q be a real positive definite symmetric nxn- 
matrix. Let \x be the Lebesgue measure on M n and vq the Gaussian measure given by 



&vq(x) :=exp j - ^XiQijXj ) y'^^d^(x). 



Then, vq is an inner and outer regular Borel probability measure. For later use we also remark 
the following lemmas. 

Lemma 3.5. Let 1 denote the n x n unit matrix and r > 0. Then, 



( „ 00 i 



2k ■ f 

, , r it n is even, 



k=n/2 
oo 



1 (3-6) 



k=(n+l)/2 

Lemma 3.6. Suppose f is a polynomial on W 1 with complex coefficients, 



f{x) = Y J fk4 1 ---< n , 

k 

where k is a multi-index k = (Ari, .. . , k n ). Then, we have a version of Wick's theorem: 

oo 

K m=0 ' jl,...,jmh,...,lm 



Here, the sums run over j\, . . . , j m , l\, . . . , l m G {1, . . . ,n}. The expressions [j] and [I] are multi- 
indices defined as follows, [j] = ([J]i, . . . , \j] n ) where [j]i is the number of the indices ji, . . . , j m 
that take the value i. That is, := \{a £ {l,...,m}|j a = Also k\ := k\\---k n \ for 
a multi-index. 
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We proceed to assign measures u a to the spaces L Q . Given a basis {771, . . . ,r) n } of L a as 
a real Hilbert space define the positive definite symmetric matrix (Q a )i,j '■= {"r]i-,f]j)^,,L a and 

n 

the vector space isomorphism W 1 — > L a given by rj : (xi, . . . ,x n ) h-» Yl x iVi- Now set v a {B) := 

i=l 

^Q a {r]~ 1 {B)) for B a Borel set in L a . Notice that if {£1, . . . ,£ n } is the dual basis of V a , then 

We have to show that this definition is compatible with the projections l a B- Thus, let 
a, (3 6 A such that Vp C V a and choose a basis {£1, . . . , £ n } of V a such that {£1, . . . , is a basis 
of Vp. We notice that {Qa^ij = (Qp 1 )i,j f° r an e {1, . . . , Let / be a polynomial on L^. 
Then, with Lemma 3.6 we see that J L f o l at /3dv a = J L fdvp. Since polynomials are dense 

in fQ g ), the same holds if we replace / with any characteristic function of a Borel set, 

implying the compatibility of the measures. 

In case the vector spaces are really complex vector spaces we can alternatively use the complex 
inner product to define positive definite Hermitian matrices (Q a )i,j '■= (ViiVj)L a - A positive 
definite Hermitian matrix defines a measure on C n via 

dv Q (x) :=exp xjQjjXj ^ ^® &n(x). (3.7) 

However, these measures are identical to those obtained by forgetting the complex structure as 
described above. This is easily seen to be due to the fact that the measures only depend on the 
quadratic form induced by the inner product which is the same in both cases. 

Note that L is dense in L, but has measure zero, as the following Proposition shows. In 
particular, we cannot simply forget about L and restrict to L. This is not surprising since it 
is well known that there does not exist a Gaussian measure on an infinite-dimensional Hilbert 
space [30]. 

Proposition 3.7. Let V be an infinite- dimensional separable Hilbert space. Then, L £ Ai* and 
u(L) = 0. 

Proof. Given an ON-basis {£i}?,gN of V (as a real or complex Hilbert space) we consider the 
sequence {a n }neN where a n G A such that V an is generated by {£1, . . . , £ n }. Now fix r > and 
let B r; n be the open ball of radius r around in the Hilbert space L an . Denote the preimage 
l~^(B rtn ) in L also by B r , n . Observe that for m > n we have B r ^ m C B r ^ n in L. Thus, we obtain 
a decreasing sequence {-Br.njneN of measurable subsets of L. Their intersection B' r := HneN B r ,n 
is thus also a measurable set in L and we have 

u(B' r ) = lim u(B r>n ). 

n—too 

However, recalling formula (3.6) we see that the volumes of the balls tend to zero as n tends 
to infinity, so v(B' r ) = 0. (In the complex case n in formula (3.6) is to be replaced with 2n.) 
Now define B r C L as the open ball with radius r in the Hilbert space L. Then, B r C B' r . In 
particular, B r is measurable (with respect to M*) and v(B r ) = 0. Now consider the countable 
union |J; gN -£>/ of balls with integer radius, filling out L completely. Since each has measure zero, 
the measure of their union, that is L, is zero as well. ■ 

Note that elements of lim M(L 9 ) can be uniquely represented as functions on L. To see this 
consider the following Lemma. 

Lemma 3.8. For any a £ A there is a unique isometric injection i a : L a ^ L such that 
l a oioi a = id La . 
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Proof. Given a G A let C be the subspace of L such that (c, t> ) = for all c G C and v £ V a . 
It is now easy to can be identified with C as spaces of linear functions on V a . The 

identity l a o io i a = id^ Q is then also clear as well as the fact that i a is isometric. ■ 

Recall that any element of lirn M{L 9 ) arises as a (measurable) function / : L a — > C. Then, 
the induced function f o l a o i : L — > C uniquely determines / by the above Lemma. Applying 
this to lim £ P (L 9 , u 9 ) suggests together with Proposition 3.1 that for certain £ p -functions that 
"behave nicely" under approximation, their restriction to L is already sufficient to determine 
them completely. We shall see in the next section that this is indeed true for holomorphic 
£ 2 -functions. 

Definition 3.9. Let / : L — > C. If there exists a closed subspace C C L of finite codimension 
such that f{x + c) = fix) for all x G L and c G C, then we call / almost translation invariant. 

Proposition 3.10. Let f : L — > C be almost translation invariant with respect to the closed 
subspace C C L of finite codimension. Set a £ A such that C = ker(/ a o i) and define f : L — > C 
by f '■= f ° i a ° la- Let {rji, . . . , r] n } be a basis of C 1 - C L and define the n x n matrix Qij := 

{ViiViiL- Furthermore define f : K n — > C by fix) := / (J2 x % r li) ■ Lf for p G [l,oo] we have 

i=i 

/ G C p (K n ,u Q ) then we also have f G £ P iL,v) and \\f\\ p = \\f\\ p . Moreover, if f G C 1 (K n ,u Q ) 
we have 



fjdu= [ fdu Q . 

JL JK n 



IL JK n 

Proof. This follows from our above prescription for the measures u a combined with Lemma 3.8 
and the above discussion. ■ 

Note that in the above proposition we have not explicitly mentioned whether L is a real or 
a complex Hilbert space. Indeed, if L is a complex Hilbert space the Proposition is valid both 
for I as a complex Hilbert space and as a real Hilbert space with the induced inner product. 

Proposition 3.11. Let x G L and 1 < p < oo. Then the map f i->- f x , where 
fx(z) ■= fiz + x)exp ( --^i2z + x,x) L 

V p 

is an isometric isomorphism C p iL,v) — > C p iL,v). Moreover, in the case p = 1 this preserves 
the integral and in the case p = 2 the inner product. 

Proof. For the dense subspace lim C p jL 9 , u») this follows using translation invariance of the 
Lebesgue measure. Given a Cauchy sequence {f n }neN in lim£ p (L,,z^,) that converges to some 
/ G C p iL,v) we observe that it has a subsequence that converges pointwise almost everywhere 
to /. Then, the corresponding subsequence of {(f n )x}neN converges pointwise almost everywhere 
to f x . Hence ||/|| p = \\f x \\ p and / / = / f x if p = 1. ■ 

3.4 Holomorphic functions and coherent states 

Assume in this section that L is a complex Hilbert space. The space , u) carries the usual 
(non-definite) inner product 



(f,9) ■= lHx)g(x)dv(x), (3. 
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making it complete. We shall be interested particularly in the subspace of this space of holo- 
morphic functions. This will make precise the formula (3.5) and its setting. 

Consider first the finite-dimensional setting of C n with a positive definite inner product (•, -)o 
given by a positive definite Hermitian nxn matrix Q via (x,u)q := Ylij^iQijVj- Equip C n 
with the probability measure vq as described in (3.7). Let H 2 (C™, vq) C £ 2 (C",^q) denote 
the Hilbert space of square integrable holomorphic functions on C n with respect to vq. This is 
a reproducing kernel Hilbert space, i.e., it is a Hilbert space of functions on which the evaluation 
/ i \ f(x) is continuous. We recall some well known facts about this space [2]. By the Riesz 
representation theorem, there is for each x G C n a unique element K x of the Hilbert space that 
realizes this evaluation. That is 

(K x J) = f(x) VxGC", V/gH 2 (Oq). (3.9) 
Indeed, as is easily verified, 

K x {z) = exp((x,z) Q ) Vx,zGC n . 
In particular, we have 

(K x , K y ) = K y (x) = exp((y,x) Q ) \/x,y G C n . 
We also have the completeness relation 

(/,<?>= J(f,K z )(K z ,g)dv Q (z) V/, 5 GH 2 (O q ). 

Proposition 3.12. The vector space of finite linear combinations of evaluations {K x } x& £n is 
dense in H 2 (C™, vq). 

Proof. Let C be the closure of the subspace generated by {K x } x ^c n and C 1 - its orthogonal 
complement. Let / G C 1 - . Then, f(x) = (K x , f) = for all x G C n , i.e., / = 0. Hence, 
C 1 = {0} and C = H 2 (C n ,^ Q ). ■ 

For a G A let H 2 (L a ,^ a ) C £ 2 (L Q ,f a ) denote the Hilbert space of square integrable holo- 
morphic functions on L a . Then, lim H 2 (L,, v.) C lim£ 2 (L,, v 9 ) is a (definite) inner product 
space in the obvious way. Note that all elements of lim H 2 (L», u m ) have unique representations 
as functions on L since they are almost translation invariant. We shall now be interested in the 
Hilbert space H 2 (L, v), defined as the completion of lini H 2 (L,, v 9 ). Any element of H 2 (L, u) can 

be represented concretely as an element of C 2 (L, v). Moreover, as we shall see, it has a unique 
representation holomorphic function on L. 

Definition 3.13. We say that a function / : L — )■ C is holomorphic iff / is continuous, bounded 
on every ball and holomorphic (in the usual sense) at every point in every direction. We denote 
the space of holomorphic functions on L by H(L). We equip it with the topology of uniform 
convergence on balls. 

Note that H(L) is a locally convex, metrizable and complete topological vector space. 

Consider the family of functions {K x } x ^l with K x : L — > C given by z h- > exp((x,z)i) for 
all z G L. Here as in the following we shall use the notation (-,-)l to not only denote the 
complex inner product in L, but also its canonical extensions to sesquilinear maps LxL->C 
and L x L — > C. As we shall see these functions generalize the evaluation functions considered 
above and we will call them coherent states in accordance with the language of quantum theory. 

Proposition 3.14. The functions K x have the following properties: 



14 



R. Oeckl 



1. K x G hniH 2 (L., u,) for all x G L. 

2. (K x ,f) = f(x) for all f G hmH 2 (L.,zv.) and x G L. 

3. (K x , K y ) = exp ((y, x) L ) for all x,y G L. 

4. H-fCrlh = exp (|||a;|||) for all x G L. 

Proof. 1. K x restricted to L is translation invariant with respect to the orthogonal com- 
plement in L of the 1-dimensional (or O-dimensional) subspace generated by x. 2. Given 
/ G hniH 2 (L., v.) there exist a,/3 G A such that K x G R 2 (L a ,u a ) and / G H 2 (L /3 , z/g). More- 
over, there is a 7 G A such that there are injections : L 7 — ?■ and Z 7jQ , : L 7 — >■ L a with 
a as above. We can thus view / and K x both as elements of H 2 (L 7 ,^ 7 ). In particular iT x . is 
then an evaluation on a finite-dimensional complex vector spaces as described above and we can 
apply (3.9). 3. This arises as a simple consequence of 2. 4. This is in turn a simple consequence 
of 3. ■ 

Proposition 3.15. The vector space of finite linear combinations of coherent states is dense in 
tf(L,v). 

Proof. Recall that every element of lim H 2 (L,, u 9 ) can be represented as an element of 
H 2 (L Q , v a ) for some a. Combining this with Proposition 3.12 yields denseness in hmH 2 (L,, v,). 
But since limH 2 (L,, u 9 ) is dense in H 2 (L, v) by definition, the statement follows. ■ 

Lemma 3.16. Let f G lirn H 2 (L,, u 9 ) and r > 0. Then, 

sup \f(x)\ < exp (lr 2 ) ||/|| 2 . (3.10) 

x&B r {0) \ Z / 

In particular, the natural continuous linear map lim H 2 (L,, v 9 ) ^ H(L) is injective. 
Proof. By the Cauchy-Schwarz inequality we have 

\f(x)\ = \(K x J)\<\\K x \\ 2 \\f\\ 2 VxGL, V/GlhnH 2 (L.,^) 

But H-fQlh = exp(|||x|||) according to Proposition 3.14.4. This yields (3.10). Notice that each 
element of limH 2 (L,, v,) is continuous, bounded in any ball and holomorphic at every point in 
every direction. Hence there is an injective linear map lim H 2 (L,, v,) <->■ H(L) in the obvious 
way. Its continuity follows precisely from (3.10) since it shows that the composition of this map 
with every seminorm defining the topology of H(L) is continuous. ■ 

Lemma 3.17. Let {fk}keN be a sequence in liin H 2 (L», v,) converging to f G H 2 (L, u). Suppose 
that {/fc(x)}fc g N converges to zero for all x G L. Then, f = 0. 

Proof. For all x G L observe 

(K x ,f) = lim (K x ,f k ) = lim f k (x) = 0. 

k — ^00 k — >oo 

But recall that the coherent states are dense according to Proposition 3.15. So / = 0. I 
Theorem 3.18. There is a natural injective continuous linear map H 2 (L,i/) > H(L). 

Proof. The map is the one given by Lemma 3.16 on lim H 2 (L > , u,). Since H(L) is complete, 
its extension to a linear map H 2 (L, v) — > H(L) is immediate. It remains to verify its injectivity. 
Let / G H 2 (L,^) such that its image in H(L) is zero. Consider a sequence {fk}k&N of elements 
of lim H 2 (L,, v,) that converge to /. Then, the image of the sequence converges to zero in H(L). 
In, particular {fk{x)}k&i converges to zero for every x G L. But by Lemma 3.17 this implies 
that / = 0. ■ 
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Proposition 3.19. Let x G L. Then, (K x ,f) = f(x) for all f G H 2 (L,i/) viewed as elements 
o/H(L). In the same sense, the completeness relation holds 

if, 9) = J (f,K x )(K x ,g)du(x) V/, 5 £H 2 (L,4 

Proof. Combine Proposition 3.14 with Theorem 3.18, the denseness of lim H 2 (L», v 9 ) in H(L) 
and the fact that evaluation is continuous on H(L). The completeness relation is then also 
obvious. ■ 

This proposition means in particular that we may view H 2 (L , v) as a reproducing kernel 
Hilbert space of functions on L. 

Proposition 3.20. The Hilbert space H 2 (L,z^) is separable. 

Proof. Since L is separable, there is a countable dense subset D C L. Since the subspace of 
linear combinations of coherent states is dense in H 2 (L, v) by Proposition 3.15 it is sufficient to 
show that any multiple \K X of a coherent state can be arbitrarily approximated by a multiple 
of a coherent state of the form qK p , where p G D and q G Q © iQ. This is easy to verify by 
explicit calculation. ■ 



4 Quantization 

4.1 Classical data 

We assume the classical theory is provided in the following form. 

(CI) Associated to each hypersurface E is a complex separable Hilbert space (thought of 
as the space of solutions near E) with inner product denoted by {•, We also define 
fl's(')') := ^{v}e and uj^(-,-) := ^9{-,-}s an d denote by Js : Ls — ^ ^E the scalar 
multiplication with i in L-%. 

(C2) Associated to each hypersurface E there is a conjugate linear involution —> under 
which the inner product is complex conjugated. We will not write this map explicitly, but 
rather think of L-£ as identified with L^. Then, {</>', <p}^ = for all 0, cp' G L^. 

(C3) Suppose the hypersurface S decomposes into a disjoint union of hypersurfaces E = Si U • • ■ 

• • • U S n . Then, there is an isometric isomorphism of complex Hilbert spaces Ls 1 © • • • 

• • • © Ls„ - >■ -^E- We will not write this map explicitly, but rather think of it as an iden- 
tification. 

(C4) Associated to each region M is a real vector space Lm (thought of as the space of solutions 
in M). 

(C5) Associated to each region M there is a linear map of real vector spaces tm '■ Lm Lqm- 
The image of ru is a real closed subspace of Lqm- Furthermore it is Lagrangian with 
respect to the symplectic form uiqm- 

(C6) Let M\ and M2 be regions and M := M\ U M2 be their disjoint union. Then Lm = 

L Ml © Lm 2 - Moreover, r M = r Ml + r M2 - 
(C7) Let M be a region with its boundary decomposing as a disjoint union dM = Si U E U 

where S' is a copy of X. Let Mi denote the gluing of M to itself along E, E' and 

suppose that M\ is a region. Note dM\ = Ei. Then, there is an injective linear map 

r M EE 7 : ^ Lm such that 

Lm 1 ^ Lm =4 is 



16 



R. Oeckl 



is an exact sequence. Here the arrows on the right hand side are compositions of the 
map tm with the orthogonal projections of Lqm to Ls and Ljy respectively (the latter 
identified with L^,). Moreover, the following diagram commutes, where the bottom arrow 
is the orthogonal projection 



Lm 1 



r M 1 

LdMi 



- Lm 

rM 

Lqm 



We add the following observations: is a real positive definite symmetric bilinear form 
making Ly, into a real Hilbert space, w^; is a real anti-symmetric non-degenerate bilinear form 
making Ls into a symplectic vector space. Also 

9^ = 9s, J^=—Js, Wjj = — we- 
Moreover, for all 4>, <p' £ L-£, 

9s{(f>, 4>) = 2w s (0, J E 0')> {<£> = 5s(0, <t>') + 2iw s ((/>, 4>), 
5e(<A, 0') = 9t.{Jy,<I>, JY,<t>), wsO, 0') = w E (Js<^, Js<A')- 

Lemma 4.1. Lei M 6e a region. Then, Lqm understood as a real Hilbert space decomposes into 
an orthogonal direct sum Lqm = L^ © JqmL^. 

Proof. Let £ L^. Then, gQM(,4>, JdM4>') = —2uqm(4>, ft) = 0) since is isotropic 

in Lg^,/. Thus, and JqmL m are orthogonal in L^M- Now suppose that 4> £ Lqm is in the 
orthogonal complement of L M . That is ga/w (</>', <^>) = 2wqm Jd M 4>) = f° r all 0' £ -^ju- 
But since is coisotropic in Lqm we must have Jqm4> £ -^a/> i-e., </> £ JqmL m . Hence, 
Lqm = L^ + JqmL m . ■ 

This means in particular, that we may view Lqm as the complexification of the real Hilbert 
space Ljr,. 



4.2 State spaces 

To each hypersurface £ we associate a Hilbert space Hy as follows. We consider the inner 
product (•,•) := on L%. According to Section 3.3 this yields a cr-algebra .M s and 

a Gaussian measure vy on Ly- We define Hy '■= H 2 (Ls,z/s) as described in Section 3.4 as 
the space of square-integrable holomorphic functions on Ly with inner product (3.8). When 
convenient, we also make use of the fact that, according to Theorem 3.18, we may view Hy as 
a subspace of H(Le). In particular, this implies that an element oI%y is completely determined 
by its values on Ly- 

Note that a function that is holomorphic on Ly is anti-holomorphic on and vice-versa. 
In particular, complex conjugation defines a conjugate linear isomorphism ly '■ Hy — > H^. It is 
also clear that for disjoint unions of hypersurfaces we get Hy 1 ue 2 = ^Ei®?^; where the tensor 
product is the (completed) tensor product of Hilbert spaces. Thus, we have satisfied axioms 
(Tl), (Tib), (T2), (T2b). 

Following Section 3.4 we consider coherent states in Hy- The coherent state corresponding 
to an element £ £ Ly is the holomorphic function 



K e (0):=expQ{£,0} s J V0£L S . 
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Here, analogous to the corresponding context of Section 3.4, we denote by {•, -}s not only the 
inner product on Ls, but also its extensions to sesquilinear maps Ls x Ls and Ls x Recall 
key properties of coherent states, due to Propositions 3.14 and 3.19, 

(K^Kfa = exp G £ E , 

||^|| 2 = expQ[|a| l2 ) V£GL S , 

(^ ?? ) E =/ (^,^) E (^ )J? } E d^(0 VV,7?G^ E . (4.1) 

An important variant of the coherent states are their normalized versions, for £ £ Ly, 

K r .= C^, with C { :=expf-i{£,£} E ). (4.2) 

When it is useful, we also indicate explicitly on which hypersurface a coherent state lives, e.g., we 
write to indicated this. Coherent states are compatible with the involutions i E : — > 
in the obvious way 

The coherent states are also compatible with decompositions of hypersurfaces in a simple way. 
Namely, for (£, £') S L El x Ls 2 we have 

= K^® Kg, 

and analogously for the normalized coherent states 

K = Kg and C(£,£') = (4.3) 



4.3 Amplitudes 

Let M be a region. Consider the Gaussian probability measure v M on Z,^ C determined 
by the real inner product (•,•) = 293m{'-> restricted to LjQ-, according to Section 3.3. Let 
"0 G UdM and define ip : L M — > C by ip := ip o r M , where we think of ^ as an element of 
C?{Lqmi vqm) and is the continuous extension of r M . If V> G C}(L M , v M ) we define 

PM(V):= / V#)dz^(0). (4.4) 

As we shall see in a moment there is at least a dense subspace of elements of Hqm which yield 
integrable functions in this sense, namely the linear combinations of coherent states. Thus, we 
satisfy axiom (T4). It is also clear that formula (4.4) automatically satisfies axiom (T5a) since 
the measure for a disjoint union of regions is the product measure. To simplify notation we shall 
in the following not write explicitly a map r, when composed with p. 

Remarkably, knowing the decomposition of the boundary solution space it is possible to give 
an explicit formula for the evaluation of a coherent state with the amplitude map. 

Proposition 4.2. Let ^ G Lqm- Let £ = £ R + JdM^, 1 be the decomposition of £ with respect to 
the orthogonal direct sum Lqm = L M © JqmL m according to Lemma 4.1. Then, 

PM (K ( ) = exp (±g dM (Z R ,Z R ) - £ J ) " ^m(£V)) • (4.5) 
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Proof. For (p £ L M we can rewrite the coherent state function as follows 

KM) = exp Q{£ R + J dM e, cj>} dM ] = exp Q{£ R , </>} s - itf 1 , 4>}g M \ 

= exp Q W£ R , 0) " ^9M(e : , 0)) • (4.6) 

Here we have used the fact that ujqm vanishes on L M since L M is an isotropic subspace of Lqm- 
We see that K^ is an almost translation invariant function on L M . Indeed, it is translation 
invariant with respect to the subspace of Lqm given by the orthogonal complement of the at 
most two-dimensional space spanned by £ R and £ . We can thus apply Proposition 3.10 to 
evaluate the integral (4.4) as a simple two-dimensional Gaussian integral. This yields the stated 
result. 

Nevertheless, let us remark that the calculation can be simplified even more. Suppose we 
replace the factor i in the second summand of the exponent in (4.6) by a complex parame- 
ter z. Then, clearly, the expression is holomorphic in z. Moreover, the integral (4.4) will also 
be holomorphic in z. This can be easily seen by recalling that a function is holomorphic in z 
near a point p if and only if any complex integral along a closed loop in a small neighborhood 
of p vanishes. Now, Fubini's theorem applies here and we can interchange the integrals. Now 
recall that an entire holomorphic (as in this case) is completely determined by its values on R. 
It is therefore sufficient to perform the integral (4.4) merely for z£K. But then, the integrand 
is almost translation invariant with respect to the subspace of Lqm given by the orthogonal 
complement of the at most one-dimensional space spanned by £ R — z£ l . Its calculation requires 
the evaluation merely of a one-dimensional Gaussian integral. Indeed, the result is 

exp (±g 9M {Z R -zZ\t R -*?)), 
leading to (4.5). ■ 

This result has a simple, but compelling physical interpretation. To see this more clearly, we 
use normalized states. For a normalized coherent state equation (4.5) becomes 

Pm(Ks) = exp (-Iggufe 1 ,?) - ^m^C 1 )) • (4.7) 

If we think in classical terms, the component £ R of the boundary solution £ can be continued con- 
sistently to the interior and is hence classically allowed. The component £} does not posses such 
a continuation and is hence classically forbidden. This is reflected precisely in equation (4.7). If 
the classically forbidden component is not present, the amplitude is simply equal to 1. On the 
other hand, the presence of a classically forbidden component leads to an exponential suppres- 
sion, governed precisely by the "size" of this component (measured in terms of the metric ggu)- 
There appears also a phase depending on the "mixing" of the components, if both are present. 

We now turn to the context of axiom (T3x). Let £ be a hypersurface. Then £ defines an 
empty region £ with boundary 9£ = EUE', Here, £' denotes a second copy of £. We have 
then, Lgf, = x Lyj and Hg-% = %u<8>%£'- Moreover, 

W <9E = W S + Ws ' = — Ws, Jgf- = J|j + Jxy = Js' — Jy., 
9dt = 5s + = 9T.+ 52', 

{v} 9E ={vls + {v}s' ={-,-}E + {•,-}£'• 

The subspace Lx C is precisely the space of pairs {<p, 4>) while the subspace Jg±L~^ C Lg£ 
is the space of pairs (4>,—(p). In particular, we have a linear bijection of real vector spaces 
Ls — > Li given by <p \- > ((p,<f>). The following proposition shows that axiom (T3x) is satisfied. 
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Proposition 4.3. We have %£<g> Q Wq£- Moreover, for ip, ip' G we have 

Pt (is(rP)®il) , ) = W,iP , h. (4.8) 

Proof. Under the bijection (p i— > (0,0) the quadratic forms determined by |{-, -}s on and 
by on Lx C Lgf, become identical 

|5 , as(^'^) = ^fs(0,0) + jg-s' (<P,<P) = ^s(0,0) = ^{0,0}s- 

This implies the equality of the measures and under this identification. This in turn 
implies the equality for all ip, ip' G %y, 



^(0)V/(0)d^(0)= i VW(0)d^(0) = (^V'>s. (4.9) 



Finally notice that by definition of the amplitude map 



PtfaM®1>')= L WWW) d^(0) 



if the integrand is integrable. But this is precisely ensured by (4.9). Hence, H^^H^' C % c 
and equation (4.8) is valid for all ip, ip' £ 



4.4 Gluing 

We proceed in this section to demonstrate the validity of the gluing axiom (T5b). In order to 
do this we will need to introduce an additional assumption. First, however, we shall modify 
the appearance of the axiom to a more convenient form. For a hypersurface X we can write 
the completeness relation in the Hilbert space %y, either with an orthonormal basis, or with 
coherent states as in Proposition 3.19. Implicit in axiom (T5b) as written in Section 2.2 is the 
first form with an orthonormal basis. We shall prefer here the second form and shall require 
instead of equation (2.1), for all tjj £ 

P mM) •c(M;S,S 7 ) = / pw(^®#{®tE(tf*))di/E(0- (4-10) 

Recall that here M is a region with its boundary decomposing as a disjoint union dM = 
Si U S U S', where X' is a copy of S. M\ denotes the gluing of M with itself along E, £' and 
we suppose that M\ is an admissible region. We note dM\ = Si. Then, we need (4.10) to be 
satisfied. However, taking merely the geometric setting of Section 2.1 and the classical axioms 
of Section 4.1 is not sufficient to ensure this 3 . 

Definition 4.4. We say that the gluing data satisfy the integrability condition if the function 

is integrable with respect to (Ls,^s) and its integral is different from zero. 

We shall introduce the additional assumption that the integrability condition is satisfied for 
any gluing yielding an admissible region. Then, all axioms are indeed satisfied as the following 
theorem shows. 

3 One can construct counter-examples along the lines of simple topological quantum field theories where gluing 
a cylinder to itself yields a torus and associated to it the dimension of the vector space associated with one 
boundary component. If the dimension of the vector space is infinite, this becomes ill defined. 
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Theorem 4.5. If the integrability condition is satisfied, then axiom (T5b) holds. Moreover, 

c(M; £, S 7 ) = I pm(K ®Ks® fc E (tf £ )) dMO- 

Proof. Since the space of linear combinations of coherent states is dense in Hqm h is sufficient 
to demonstrate the axiom for coherent states. Thus, we have to show for all G Lsi 

p Ml {K<j>) ■ c(M; S, S 7 ) = / p M (^ ® *Q ® iv(K € )) dz/s(£). (4.11) 

We first restrict the proof to the special case (ft G • Then, by (C7) there is G L A ~ f such 

that (ft\ = (ft (with the obvious notation). Moreover, also due to (C7) we have E = 0s'- 

We start by reformulating the integrand of (4.11). We perform a substitution using Propo- 
sition 3.11 with x = (ft, use the fact that Lj~, is Lagrangian in Lqm, and make use of various 
identities relating inner products, symplectic forms etc. that follow straightforwardly from the 
axioms for the classical data to obtain 



puiK^ ®K^® t E (^)) = / K^K^rj^K^) di/^fa) 

M 

= / expf-{0,r/i}i + -{^r/ E } s + -{^ ) r? s /} S rJdz/ J g(7?) 

= / exp f -{0,771 + 0i}i + ^{£,7/ s + 0s} s + -{^,?7s' + 0e'}st 



-gdM^> + ^r]i 4>) ) d^(r/) 



/ exp f -{0,771 + 0i}i + ^{£,r/s + 0s} E + t;{£,?7e' + 0E'}st 



{<ft,4> + 2ri} gM ) dufc(7}) 



/ ex P (t{0>0}i + TjU - 0S,7?S}S + - 0E',7?E'}sT 

+ |{2£ - 0s, 0s}s + |{2£ - 0s', 0s'}st) dy Af(l) 

exp Q{0, 0}i + ^{2£ - 0s, 0s}s + ^{2£ - 0s', 0s'}st) 

x f exp f-{C-0E,77s}s + ^{Z- <f>z>,VT,'} w J du^(rj) 



rx P ( |{0> 0}i + ^9s(2^ - 0s, 0s! 



x ^ exp Q#s(£ - 0s,t/s +77s') + iws(£ - 0s,f?E - t?e')^ dz^(r/). 
We now integrate the expression over £ G L E and use Proposition 3.11 with x = —(ft to obtain 
Jl ( exp (i^'^ 1 ~~ ^ E ( 2 ^ ~ 0s, -0s) J 

x ^ exp Q#s(£ - 0s,t/s + t?s') + i^s(C - 0s,t?s - r?s')^ d ^(r/) j di/ E (0 
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Ji ( exp (i^'^ 1 ) J L exp + m*) + iws(C,f?s -ns'^j ^m^)] dz ^s(6 

expQ{<M}i) p M (if ^^8)^(^))d^(0 = PM 1 (^)-c(M;E,E 7 ). 



For the case of general (f> G L El consider the canonical decomposition = <^> R + Je 1 i , where 

Mi" 



i 11 ,^ 1 G L, 7 . Write 



#0(771) = exp Q{</> R + Je^ 1 , r7i}i^ = exp Q{0 R , mh ~ fa, 

Then, replace i in the second summand of the exponential by a complex parameter 2. Observe 
that we obtain a holomorphic function of z and that the integrations to be performed preserve 
the holomorphicity as in the proof of Proposition 4.2. Hence, it is sufficient to perform the 
calculation for z € R to determine the function completely. But this is precisely the calculation 
performed above with <j) replaced by cfP" — z<j) 1 G . This completes the proof. ■ 

4.5 Evolution picture 

In this section we consider what our quantization scheme implies in an "evolution picture". 
That is, we consider situations with regions were there is a one-to-one correspondence between 
classical solutions on one boundary component and those on another boundary component. This 
is useful in particular for comparison with other quantization schemes where (time-)evolution 
plays a distinguished role. 

Let M be a region such that its boundary decomposes as a disjoint union of two components 
dM = Ei U S2. Assume moreover, that the linear maps r\ : — > L^i an d T2 '■ ^s 2 
given by ^ composed with orthogonal projections are homeomorphisms. We denote the 

composition by T := r2 o r^ 1 : — > Ly, 2 - As explained in Section 3.1 we have 

{T(j>, T<f>') = w El (0, <j)') V <f>, 4>' G L Sl (4.12) 

due to axiom (C5). However, we do not necessarily have 

J S2 oT = ToJ Sl . (4.13) 

But if (and only if) this is true, T is unitary and we obtain a particularly "nice" evolution 
picture. 

Proposition 4.6. There is a linear map U : — > %£ 2 such that 

pjtf(^i®iE a (^)) = ($8,Etyi}E a VV>i,V2 eTfcv (4.14) 
In particular, U is given by 

(Cty)(0) = PAf(V®l%^) V^€« ElJ V^L Sr (4.15) 
Moreover, if T is unitary then U is unitary and we have 

(c/^)(0) = ^(t-V) v^%, V^L S21 
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Proof. Suppose we take (4.15) as a definition. It is then straightforward to verify (4.14) using 
the formula (4.4) for the amplitude, the completeness relation (4.1) and further properties of 
coherent states: 



L s 2 



L s 2 



tp2(4>) I faWK^fo) du^fr) dz/ S2 (</>) 




ipi(v) I ^2(^)-^s 2 ,r?(0)d^ 2 (0) di/j^(f7) 



^\{ri)ip2{ri) d^(r/) = pm(V>i ® ^2(^2)) 



We proceed to consider the special case that T is unitary. Then, we have an identification 
of the real vector spaces and such that = as in the proof of Proposition 4.3. 
Explicitly, we have 

p M (i/) K^J) = I il/(rn) K ^,4,(m) dl/ M(v) = f ^(m) e*P f -{<£, ri 2 }w, ) d ^/(r?) 

M M ^ ' 

= / ^(»7i)exp ( ^{r- 1 0,r- 1 r ?2 } Si )d^(?7) 
^(»7i)-ffEi,r-^(»7i) d^(??) 

V'('7)-^S 1 ,T-v( 7 ?) dly Si(^) = (^Si,T-i0^>Ei = 

Here, we have used the notation 771 and 772 to specify explicitly that we refer to the solutions 
induced on the hypersurfaces Si and E 2 respectively. The explicit expression for the evolved 
coherent state is an easy calculation. ■ 

Consider the following particular physical application of this statement. Suppose we are in 
a setting where the spaces of solutions L^ x , Ls 2 for any pair (Ei,E2) of connected admissible 
hypersurfaces can be related by linear homeomorphisms Te^Es : i^Ei — > -^s 2 as described above, 
either directly or indirectly. By directly, we mean that there is a region with boundary the 
disjoint union Si U E 2 . By indirect we mean that there is a third hypersurface S3, such that 
both and Ls 2 can be directly related to Ls 3 . Note that uniqueness of the maps Te^Es 
is ensured by the axioms (CI)— (C7). The most important example for such a setting would 
be that of Cauchy hypersurfaces in a globally hyperbolic spacetime. As observed above, we 
have compatibility of the symplectic forms as written in equation (4.12). To define a complete 
quantization it now suffices to pick a compatible complex structure Js on one particular admis- 
sible hypersurface So- This can then be transported with the maps T to any other admissible 
hypersurface via equation (4.13). Clearly, by Proposition 4.6 we obtain a quantization where 
evolution C/ei,e 2 ■ ~~ ^ ^s 2 from any admissible hypersurface Si to any other admissible 
hypersurface E 2 is unitary. Note that this is in agreement with recent results in [7], where 
a Schrodinger-Feynman quantization was used instead. 

4.6 Vacuum 



The quantization construction described above yields a natural vacuum in the sense of the axioms 
of Section 2.3. Indeed, it is immediate to verify that defining the vacuum state ^s,o for every 
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hypersurface £ to be the constant function with value 1 satisfies all the axioms. Alternatively, 
we can view this as the coherent state Kq associated to the element G Ls- 

There is a potentially larger class of vacua that also quite naturally arises from our quantiza- 
tion construction. To this end suppose that all regions and hypersurfaces arise as submanifolds 
of a fixed manifold B (possibly with additional structure) of dimension d. (This setting was 
termed a global background in [19].) Suppose now that there exists a solution <ft of the classical 
field equations in all of B. This induces a particular local solution in any region and on any hy- 
persurface. The normalized coherent states associated with these solutions then form a vacuum 
in the sense of the axioms. We may formalize this as follows. 

Definition 4.7. Let {0s} be an assignment of an element 0s G ^s to every hypersurface S. 
Then we call this assignment a global solution iff it satisfies the following properties: 

1. Let £ be a hypersurface. Then, 0^ = 0s- 

2. Suppose the hypersurface £ decomposes into a disjoint union of hypersurfaces £ = Si U 
• • • U £ n . Then, S = (0Si, ■ ■ -,0sj- 

3. Let M be a region. Then, 4>qm G L^. 

Note that we have not explicitly fixed any solutions in the spaces Lm for regions M as this 
is not necessary for our present purposes. Of course, the last condition in the definition implies 
that the selected solution in the boundary of a region comes from a solution in the interior. 
Note also that we do not need to explicitly require a global background. In particular, we see 
that selecting the trivial solution on each hypersurface also satisfies the definition of a global 
solution. 

Proposition 4.8. Every global solution gives rise to a vacuum. In particular, if {0s} defines 
a global solution, the associated vacuum state V>s,o for the hypersurface £ is the normalized 
coherent state -fG, E . 

Proof. (VI) is clear. Condition 1 of Definition 4.7 together with axiom (C2) and the explicit 
form (4.2) of the normalized coherent state ensures (V2). Condition 2 of Definition 4.7 together 
with axiom (C3) and the decomposition property (4.3) of coherent states yields (V3). Finally 
combining condition 3 of Definition 4.7, Proposition 4.2 and (4.2) yields (V5). I 

5 Klein— Gordon theory in special geometries 

In this section we consider the Klein-Gordon theory and its quantization in Minkowski space 
for certain special families of hypersurfaces and regions. This serves partly for comparison 
with previous results [8, 9, 20, 23], where a quantization scheme based on the Schrodinger 
representation and the Feynman path integral was used. However, we are also able to extend 
these results in a certain direction. In particular, we show how classical solutions that have 
exponential behavior in spatial directions can be quantized on certain timelike hypersurfaces. 
These evanescent waves are "invisible" in many traditional quantization schemes as they do not 
yield well behaved global solutions. 

The hypersurfaces we consider are essentially of three types: 1. Equal-time hyperplanes, 
2. Timelike hyperplanes along the temporal axis, 3. Timelike hypercylinders. The first geometry 
represents the most simple "standard case" of what one would usually consider in various well- 
known quantization schemes. A quantization on the second geometry was first considered in [23] 
and on the third geometry in [20]. We use coordinates (t, xi, X2, x^) on Minkowski space. 
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5.1 Equal-time hyperplanes 

We consider the following geometrical setting: Admissible hypersurfaces are all oriented equal- 
time hyperplanes and their finite disjoint unions. Admissible regular regions are all finite closed 
time-intervals extended over all of space and their finite disjoint unions. 

We parametrize global solutions of the Klein-Gordon equation in the usual way via plane 
waves 

Ht, x) = J (f{k)^ m ~ kx) + W)e l{Et ~ kx) ) , (5.1) 

where (/> : M 3 — )■ C is a complex function on momentum space of a type to be determined below 
and E := y/k 2 + m 2 . Due to the usual Cauchy property we can use this also to parametrize the 
space of solutions Lt in a neighborhood of an equal-time hypersurface S^. The (negative of the) 
symplectic form (3.2) on Lt is 4 

wt(0i,02) = o I ^ x i < / ) 2(t,x)d ^i(t,x) - 4>i(t,x)d <p2(t,x)) 



i 



d 3 k 



2 J (2tt) 3 2E 

In agreement with [8, 9, 20, 23] we chose the orientation of £f here as the past boundary of 
a region that lies in the future. According to Section 3.2 we need to find a suitable complex 
structure on L t . The standard one is 

(J(0))(fc) = -ty(fc). 

This complex structure is automatically compatible with time-evolution in the sense of (4.13), 
since we use a parametrization in terms of global solutions. Thus, we have unitary evolution in 
time according to Proposition 4.6. 
The induced metric (3.3) is 

d 3 k 
(2tt) 3 2£ 

This leads to the standard complex inner product (3.4) on Lt 



d 3 k 



{0l,Mt = 2 J {27r)32E Mk)Mk)- 

This also fixes the space L t precisely as the space of (equivalence classes of) square-integrable 
complex functions <f> : M 3 — > C with the inner product written above. The quantization thus 
obtained with the unitary time evolution operator U given by Proposition 4.6 is equivalent to 
the usual well-known quantization of Klein-Gordon theory. 

The normalized coherent state Kt jV takes in the Schrodinger representation the form 

KtM = G,exp (| ^^^e-^-^^x)] Mv), 

see equation (2) of [8] and equation (26) of [9]. 

We also note that the complex solution f] of the Klein-Gordon equation appearing in equa- 
tion (6) of [8] and equation (39) of [9] and determined by solutions r]i G L tl and 772 G L t2 is 
simply f] = r/ R — irf where we decompose (771,772) £ Lgu lit2 \ (with the obvious notation) as in 
Lemma 4.1, (7/1,772) = rj R + Ja[t 1) t 2 \n l ■ 

4 It seems that to obtain results in agreement with [8, 9, 20, 23] one should chose minus the symplectic form 
rather than the symplectic form itself. Changing simultaneously the sign of the complex structure, this leaves 
the axioms of Section 4.1 invariant and therefore may be considered merely a choice of convention for our present 
purposes. 
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5.2 Timelike hyperplanes 

We consider the following geometrical setting: Admissible hypersurfaces are all oriented hyper- 
planes perpendicular to the xi-axis and their finite disjoint unions. Admissible regular regions 
are all finite closed intervals on the xi-axis extended in the other coordinate directions and their 
finite disjoint unions. 

A solution of the Klein-Gordon equation that is well behaved near a constant x\ hypersurfacc 
may be parametrized via a complex function rj : M. x M 2 — > C as 

V (t, Xl ,x) = J (v(E, ~k)f(E, k, Xl )e-'< Et ~' k ^ + V (E, fcj f(E, k, x{)e< Et -' k ^ 



where x := (x 2 , £3), k := (k 2 , ks), k\ := y\E 2 — k 2 — m 2 \ and 

~ , I e lklXl = cosf/cixi) + isin(feixi) if E 2 — k 2 — m 2 > 0, 
j(E, k, x\) := < 

I cosh(fcia?i) + isinh(/cixi) if E — k — m < 0. 

In contrast to the case of spacelike hypersurfaces the solutions now fall into two classes, de- 
pending on whether E 2 is larger or smaller than k 2 + m 2 . That is, they can be distinguished 
by whether the "missing" momentum-squared in the xi-direction, E 2 — k 2 — m 2 , is positive 
or negative. In the first case we obtain the usual plane waves that yield well behaved global 
solutions of the form (5.1). But there are additional solutions corresponding to the second case 
that are well behaved near the hypersurface, but not globally. These are evanescent waves that 
behave exponentially in the xi-direction. In [20, 23] these were termed (somewhat unfortunately 
as it turned out) "unphysical solutions" and excluded from the quantization. This exclusion is 
consistent in a free theory since different frequencies decouple there. However, these solutions 
are perfectly legitimate in the description of local physics. For example, a source outside of the 
modeled spacetime region will generically generate evanescent waves inside the region (where 
the theory is source-free by assumption) in addition to propagating ones. In electromagnetism, 
evanescent waves occur in the near field of a source. 

The (negative of the) symplectic structure (3.2) on the space of solutions L Xl associated to 
the hyperplane at x\ (as in [20, 23] with orientation as a boundary of a region with larger values 
of x\) is 5 

u Xl {vi, r l2) = \ I dtd 2 x (rj 1 (t,xi,x)dirj 2 (t,xi,x) - r] 2 {t,xi,x)dir]i(t,xi,x)) 



2 



dE d 2 k 

' m (E,k) m (E,k)- m (E,k) m (E,k) 



2 J (2vr) 3 2A;i 

A compatible complex structure is 

(J( V ))(E,~k) = -irj(E,k). 

As in the spacelike case this is automatically compatible with evolution in the sense of (4.13), 
now of course in the spatial xi-direction. Thus "evolution" in this direction is unitary in the 
quantum theory, by Proposition 4.6. 
The resulting metric (3.3) is 



g xi (vi,m) = J ^^(m(E,k)7 l2 (E,k) + m (E,k) m (E,k)y 



5 See footnote 4. 
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The complex inner product (3.4) is then given by 



{m,V2\x 1 =2 J j—^^rn(E,k)ri2{E,k). 

The space L X1 is thus precisely the space of (equivalence classes of) complex valued square- 
integrable functions IR x IR 2 — > C with the above inner product. 

We can split this space into an orthogonal direct sum L Xl = L Xl ® L Xl , where the first 
summand comprises those functions rj G L X1 such that rj(E, k) = if E 2 — k < m 2 and the 
second summand comprises those functions rj G L Xl such that rj(E, k) = if E 2 — k > m 2 . The 
elements of L X1 are then precisely the propagating waves, i.e., those solutions that are globally 
well behaved. The elements of L X1 on the other hand are precisely the evanescent waves that 
behave exponentially in the xi-direction. The orthogonality of the decomposition implies that we 
obtain a decomposition of the measure on L Xl as a product of the measures on the subspaces L Xl 
and L x . This in turn implies that the respective Hilbert space of square-integrable holomorphic 
functions decomposes as % Xl = / H% 1 ®'H X . On the other hand, 7i Xl and %% can also be realized 
as subspaces of 7i Xl , namely by restricting to those holomorphic functions that are invariant 
under translations in L e or in L p respectively. It is clear, moreover, that the unitary operator U 
associated to evolution in xi-direction by Proposition 4.6 preserves these subspaces. We also 
note that all coherent states associated to elements of L X1 are contained in T-L Xl while those 
associated to elements of L X1 are contained in 7i% ■ 

The quantization obtained in [20, 23] can be seen to be equivalent to the restriction of the 
quantization obtained here to the subspaces T~L Xl corresponding to propagating waves only. 



5.3 The hypercylinder 

We consider the following geometrical setting: Admissible hypersurfaces are hypercylinders of 
the form M x and their finite disjoint unions, where S 2 ^ denotes the two-sphere in space of 
radius R, centered at the origin. Admissible regions are all solid hypercylinders of the form 
IR x Bft, where is the closed solid ball of radius R in space centered at the origin. Also 
admissible are solid hypercylinders with a smaller solid hypercylinder removed. Finite disjoint 
unions of such regions are also admissible. 

We use a cartesian time coordinate t and spherical coordinates (r, (ft, 9) in space. We also 
denote the angular coordinates ((ft, 6) collectively by f2. dO denotes the standard measure on 
the 2-sphere of unit radius. We may parametrize a solution of the Klein-Gordon equation in the 
neighborhood of a hypercylinder of radius R via functions ( : 1 x I -> C, where / = {(Z,m) : 
I G Nq, m G {—I, —/ + !,..., /}}, as follows 



e(t,r,fi) = 




(^ ltm (E)d l (E,r)e- iE % m {n)+^ n ^) d^E^e^Yf™^)) . 



Here Y™ denote the spherical harmonics and p := \/\E 2 — m 2 \. We also set 

i fri \ }3l(P r ) + m(pr) if E 2 > m 2 , 

di{E, r) := < 

I i jiiipr) — i niixpr) if E < m , 

where ji and ni are the spherical Bessel functions of the first and second kind respectively. Note 
that the real parts of the functions d\ are chosen to yield solutions that continue to all of the 
interior of the solid hypercylinder. The modes with E 2 > m 2 are propagating waves, while the 
modes with E 2 < m 2 are evanescent waves. 
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The (negative of the) symplectic structure (3.2) on the space of solutions Lr associated to the 
hypercylinder of radius R, oriented as the boundary of the corresponding solid hyper cylinder, 
is 6 

Mv> = ^- Jdtdn (£(*, r, n)d rV (t, r, n) - v (t, r, n)d r t(t, r, n)) 

dE^- Y (yi,m(E)Zl,m(E) - Vl,m{E)Zl,m(E)) ■ 

' l,m 

We consider the following complex structure on the space of these solutions 

(J(0)l,m(E)=i^ m (E). 

Due to our choice of parametrization in terms of solutions that extend over all of Minkowski 
space except for the time axis this is automatically compatible with radial evolution in the 
sense of (4.13). Thus, we obtain unitary radial evolution in the quantum theory according to 
Proposition 4.6. 

The metric (3.3) is 



9r(V, = J Yl (m,m(EXl,m(E) + m,m(E)il,m{E)) ■ 



I, m 

The inner product (3.4) between solutions is 
{v^}r = [°° d£^]T^(£)6. m (£). 

J -°° l,m 

Thus, the space Lr is the Hilbert space of (equivalence classes of) square- integrable functions 
]R x I — > C with this inner product. 

Analogous to the previous Section 5.2 we can decompose Lr into an orthogonal direct sum 
Lr = L R © L R , corresponding to radially propagating waves (with E 2 > m 2 ) and evanescent 
waves (with E 2 < m 2 ). Correspondingly we obtain subspaces H R and H R of Hr such that 
Hr = / H R (^'H R . Also, radial evolution preserves these subspaces and coherent states behave as 
expected with respect to the decomposition. 

The quantization obtained in [8, 9, 20] is equivalent to the quantization obtained here, when 
restricted to the subspaces H R . In particular, the normalized coherent state Kr^ for £ G L R 
takes in the Schrodinger representation the form 



RrM = c^exp / £ f^e^Yr(nMt,n) i>R M , 

y l,m ' / 

which is equation (10) of [8] and equation (104) of [9], adapted to our present conventions. 
Observe in particular, that there is a relative complex conjugation of £i tTn (E). That is, the 
state Kr^ is the state i^Rg in the conventions of [8, 9], where £,[ m {E) = £i iTn (E). 

Note that in [8, 9] interactions were included leading to a mixing of modes. It was thus 
necessary to extend (the configuration version of) the space L R to Lr. In particular, the vacuum 
was extended to a function on the configuration space corresponding to all of Lr. However, 
since the occurring evanescent waves decay exponentially with the radius it was not necessary 
to include quantizations of them in the asymptotic state space at large radius considered in the 
S- matrix picture developed in [8, 9]. 



6 See footnote 4. 
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As a concrete example of how the quantization works out and reproduces corresponding 
results of [20] and [8, 9] we consider a solid hypercylinder of radius R. The space Lr of solutions 
on the boundary decomposes as Lr = L R (B JrL r due to Lemma 4.1. For an element ^i^ m {E) = 

^m(E) + J R$,m( E ) this takeS the form 

Zl,m(E) :=-'- (tl,rn(E) ~ &,-m(-£)) • 

The decomposition satisfies 

WrJE) = ttm(-E), = i-mi-E). 

The amplitude of a normalized coherent state Kr^ is then in accordance with equation (4.7) 

P (k^) = ex P (-^e 1 }* - ^tfV 1 }^ , 

where both inner products appearing in the exponent are real. This is easily verified to coincide 
with equation (12) of [8] and equation (106) of [9], up to the abovementioned difference of 
conventions. We also note that in this context the complex classical solution £ appearing in 
equation (14) of [8] and equation (124) of [9] is given by £ = £ R — i£ . 

6 Discussion and outlook 

We start by commenting on some of the distinctive aspects of the results obtained. One per- 
meating feature of the quantization scheme presented here is its manifest locality. This extends 
in particular to the spaces of classical solutions used as ingredients of the quantization. It is 
essential that we do not constrain ourselves to "global" solutions, for several reasons. The more 
obvious one is that in the absence of a global background (in the terminology of [19]), we do 
not even know what global solutions should be. Even more important, however, is the interplay 
between solutions in the interior of a region and on its boundary encoded in axiom (C5). This 
means that there is essentially a 2 : 1 correspondence between classical solutions on the bound- 
ary and in the interior. As explained in Section 3.1, far from being surprising, this is to be 
expected. This ingredient plays an absolutely crucial role in the quantization scheme and is key 
to making axioms (T3x) and (T5b) work. Moreover, it is less related to a particular quantization 
scheme than to the GBF as such, as indicated by similar considerations in the quantization on 
the hypercylinder in [20], where the quite different Schrodinger-Feynman quantization scheme 
was used. 

Another feature of the present quantization scheme that merits some remarks is the fact that 
amplitudes are defined through an integral (equation (4.4)). This integral is quite different 
from the Feynman path integral though, in two respects. Firstly, it is an integral over classical 
solutions only rather than over general field configurations. However, in the case of a free 
theory the Feynman path integral can also be converted to an integral over classical solutions, 
a fact that has been extensively used for example in [7, 8, 9, 20, 23]. The second difference 
is more decisive: The integral (4.4) is a proper Gaussian integral, where the exponential has 
a real negative definite argument, rather than an imaginary argument as for the Feynman path 
integral. Note that this fact has nothing to do here with any spacetime metric or its signature. 

We turn to a discussion of some directions for future development. An important limitation 
of the quantization scheme presented here is its restriction to linear field theories. On the 
other hand, there exists a considerable body of knowledge on the geometric quantization of 
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non- linear theories [33], although much of it is restricted to mechanical systems that are not 
field theories. Nevertheless, it is probably not too difficult to transfer some of this to the 
quantization on hypersurfaces in the present context. What is less clear, however, is how to 
generalize appropriately the amplitude map (4.4). It is probable that an integral over classical 
solutions will not do in this case. Perhaps a "mixed" quantization, where some aspects of the 
Feynman path integral are taken over might be envisaged. To this end it would certainly be 
desirable to develop a detailed understanding of the relation to other quantization schemes, such 
as the Schrodinger-Feynman one. 

Another "defect" of the present quantization scheme is its failure to include corners, i.e., 
hypersurfaces with boundaries. The fact that the axioms of Section 2 differ little from those 
presented in [25] makes this perhaps surprising. Indeed, no drastic changes might seem to be 
necessary for the implementation of corners in the present scheme. However, there are some 
subtle difficulties, which suggest that the form that corners were implemented in the axioms 
in [25] might need to be generalized. In particular, it might be that the state spaces associated 
to hypersurfaces with boundaries should not in general be required to be complex Hilbert spaces. 
Notice that this would not be in conflict with the probability interpretation of the GBF [19, 21]. 
The latter only applies to hypersurfaces that are boundaries and are hence closed. This makes 
us free to contemplate associating weaker structures to hypersurfaces with boundaries. 

One type of object that plays a central role in many quantization schemes, but that we have 
not mentioned at all so far are observables. This is partly justified by the fact that one role 
that observables traditionally play, namely to provide a description of time-evolution, is now 
served by the amplitude maps. However, observables also play other important roles such as 
describing particular measurement operations. Although little has been written so far about 
observables in the GBF, the concepts of observable and expectation value fit naturally into the 
framework [18]. In the present quantization scheme, there is even a natural way to quantize 
classical observables. Suppose we have a classical observable given by a function / on the space 
of solutions Lm in a spacetime region M. Assuming that tm '■ L>m — > Asm is injective, we can 
view / as a function on = tm^a/)' A quantum observable corresponding to / can then be 
given by the map p M : T-Lq M — > C obtained by inserting / into the integral (4.4). This amounts 
to a kind of Berezin-Toeplitz quantization of the observable. While this quantization leads 
to the expected commutation relations between linear observables in some simple examples it 
might not be suitable for more complicated observables. In any case these are just some initial 
remarks and it is clearly necessary to develop the concept of observable in much more depth. 

Another subject we have not mentioned here at all is that of symmetries. Due to the functorial 
nature of the assignment of algebraic to geometric data it is quite natural to consider actions of 
local spacetime symmetry groups on state spaces and amplitudes [19]. Supposing we are given 
such actions on the local classical spaces of solutions, the present quantization scheme seems 
particularly amenable to transfer these to actions on the corresponding quantum objects. 

Finally, let us mention a point that is perhaps more of interest from the point of view of 
topological quantum field theory (TQFT) rather than for the realization of physical theories. 
As mentioned previously, the integration of the gluing anomaly factor into the axiom (T5b) 
allows for example to admit regions with non-trivial topology, but without boundaries in the 
case of certain simple TQFTs with finite-dimensional state spaces. In the infinite-dimensional 
case the gluing anomaly factor would generically become infinite in such cases. One could now 
envision some kind of renormalization of this factor. That is, suppose we can "regularize" the 
theory such that the anomaly factor becomes finite depending on some kind of "cut-off" . If the 
anomaly factor diverges under removal of the "cut-off" in a way that is controlled and compatible 
with the composition of gluings, this could serve as the definition of a "renormalized" theory. 
In this theory more regions would be admissible than in the original one and the anomaly would 
contain more data, encoding the precise way in which the anomaly factor diverges. 
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